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1 Introduction
Since the original works of Deser, Jackiw and ’t Hooft [1, 2], three dimensional gravity has attracted
attention. Despite having no propagating degrees of freedom, the BTZ black-hole solution [3, 4] and
the quantization of the theory by Witten [5] are its highly non-trivial trademarks. These features
seem to be rooted in the fact that the Einstein–Hilbert (EH) Lagrangian with cosmological constant
can be written (up to a boundary term) as a Chern–Simons (CS) three-form. Therefore, three-
dimensional gravity corresponds to an off-shell quasi-invariant gauge theory (for AdS, dS or Poincare´
depending on the cosmological constant). The locally supersymmetric extension of Einstein gravity
in three dimensions was carried out by Deser and Kay in Ref. [6]. Regarding the CS formulation,
three-dimensional supergravity arises very naturally in the case of negative [7] and vanishing [8, 9]
cosmological constant. However, there is still the possibility of having other families of supergravity
theories containing gauge groups larger than the supersymmetric AdS or Poincare´ groups [10, 11, 12].
This is particularly interesting because symmetries enhancements usually invokes new generators in
the Lie algebra. Subsequently, this requires the inclusion of extra gauge fields in the gauge potential,
giving rise to non-minimal couplings of “matter” fields with geometry in such a way that gauge
invariance is preserved.
The purpose of this work is to analyse the construction of three-dimensional CS supergravity
theories whose symmetry groups are obtained by an S-expansion of the N = 1 supersymmetric AdS
algebra osp(1|2) ⊗ sp(2). The S-expansion method [13, 14] is a powerful tool in order for obtaining
new Lie algebras starting from a given one. Moreover, it provides the associated invariant tensors
of the expanded algebra in a simple way. Since the invariant tensor is an essential ingredient in the
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construction of gauge theories and in particular of CS (super)gravities, it is a welcomed feature.
The application of S-expansion methods in the context of supergravity was first introduced in [15]
and subsequently in [16] as an attempt to describe the low energy regime ofM -Theory. More recently, a
wide range of theories of S-expanded (super)gravities have been studied in different contexts, and with
different motivations (see for instance [17, 18, 19, 20] and references therein). Also, in Ref. [21], three-
dimensional gravity is constructed using the semi-simple extension of the Poincare´ algebra [22, 23] as
a gauge symmetry. The Lie algebra behind this symmetry can be obtained as a S-expansion of AdS
algebra so(d− 1, 2).
This article is organized as follows: In section 2, the supersymmetric extension of the three-
dimensional AdS-Lorentz algebra is written. In section 3, we review the general properties of the
S-expansion method. Also, it is explicitly shown that three-dimensional AdS-Lorentz superalgebra
corresponds to a S-expansion of the AdS superalgebra. The components of the invariant tensor are
worked out. In section 4 we extend the notion of S-expansion to Casimir operators and the invariant
operators associated to the expanded superalgebra are constructed. Section 5 is devoted to the analysis
of three-dimensional AdS-Lorentz CS supergravity. Field equations and symmetry transformations are
worked out. In section 6 we compute stationary solutions and its Killing spinors equation are found.
Finally, section 7 concludes this paper with some remarks and future developments.
2 AdS-Lorentz superalgebra
In Ref. [23] the semi-simple extension of the Poincare´ algebra iso(d − 1, 1), generated by Lorentz
rotations {Jab} and translations {Pa}, has been carried out by the inclusion of a second-rank tensor
generator {Zab}. Interestingly, this Lie algebra enhancement is isomorphic to the direct sum of the
AdS and Lorentz algebra so(d − 1, 2) ⊕ so(d − 1, 1) in any dimension. More recently, it has been
shown in Refs. [21, 24] that the so called AdS-Lorentz algebra can be obtained as a S-expansion of
the AdS algebra and its Ino¨nu¨-Wigner contraction leads to the Maxwell algebra. The supersymmetric
extension in four-dimensions has been also considered in Refs. [25, 26]. Remarkably, both algebras,
pure bosonic and supersymmetric, are semi-simple in contrast to the (super) Poincare´ algebras.
In this work we are interested in the N = 1 AdS-Lorentz superalgebra in three-dimensions, which
is defined by the following commutation relations:
[Ja, Jb] = abcJ
c , [Za, Zb] = abcZ
c ,
[Ja, Pb] = abcP
c , [Pa, Pb] = abcZ
c ,
[Ja, Zb] = abcZ
c , [Za, Pb] = abcP
c ,
[Pa, Qα] = −12 (ΓaQ)α , [Za, Qα] = −12 (ΓaQ)α ,
[Ja, Qα] = −12 (ΓaQ)α , {Qα, Qβ} = (ΓaC)αβ (P a + Za) ,
(2.1)
where Ja denote the generators of the Lorentz subalgebra so(2, 1), Pa the translations, Za are a new
set of non-abelian generators, and Qα the supercharges. Lorentz indices a, b, ... = 0, 1, 2 are rised
and lowered with the Minkowski metric ηab, abc is the three-dimensional Levi-Civita symbol. Greek
indices α, β... = 0, 1 are rised and lowered by the charge conjugation matrix C, and Γa denote the 2×2
gamma matrices representation (see Appendix A for spinor conventions).
In the following section, we show that the (super)AdS-Lorentz algebra (2.1) can be derived as an
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application of the S-expansion procedure.
3 Abelian Semigroup Expansion
The Lie algebra expansion procedure was introduced for the first time in Ref. [27], and subsequently
studied in in Refs. [28, 29]. In this expansion method, we must consider the Maurer-Cartan forms on
the group manifold. Some of the group parameters are rescaled by a factor λ, and the Maurer-Cartan
forms are expanded as a power series in λ. The series is finally truncated in such a way that the
closure of the expanded algebra is assured.
In Refs. [13, 14, 30] a natural outgrowth of the power series expansion method was proposed.
The idea is to start with a Lie algebra g and to combine it with the binary product structure of an
abelian semigroup S in order to define a new Lie algebra. This new algebra is known in general as a
S-expanded algebra. In fact, from [13, Theorem 3.1], it is possible to prove that the direct product
S × g retains Lie algebra structure (see also [27, 28, 31]). The most relevant cases are provided when
subalgebras of S × g can be systematically extracted. For instance, any Lie algebra can be written
as a direct sum of subspaces g =
⊕
p∈I Vp, where I is a set of indices. The subspace structure of the
algebra can be analysed defining a mapping i : I × I → 2I such that the Lie algebra g can be written
as [Vp, Vq] ⊂
⊕
r∈i(p,q) Vr. Now, whenever the semigroup S admits a decomposition S =
⋃
p∈I Sp,
satisfying the resonant condition Sp·Sq ⊂
⋂
r∈i(p,q) Sr, then it follows that SR =
⊕
p∈I Sp × Vp is a
subalgebra of S × g [13, Theorem 4.2]. The procedure is practical because the subspace structure is
arbitrary, but we use it in order to codify our physicist’s intuition on the meaning of the symmetry
(e.g. a subspace corresponds to Lorentz transformations, another to AdS boosts, etc.). Thus, using
the S-expansion it is possible to find bigger symmetries in a simple way, and to do this preserving some
valuable structure from a physical point of view. Without it, constructing bigger symmetries requires
long and careful work regarding the closure of Jacobi’s identity (or the self-consistency of d2 = 0 when
working with Maurer-Cartan forms).
The S-expansion procedure has already been used in different contexts with different motivations.
For instance, the so called Bm-algebras [17] (also known as generalized Poincare´ algebras), were
constructed from the AdS-algebra and a particular semigroup1 denoted by S
(N)
E = {λα}N+1α=0 . Moreover,
in Ref. [24] the so-called AdS-Lorentz algebra so (d− 1, 1) ⊕ so (d− 1, 2) [22, 23, 25] is obtained by
means of the S-expansion procedure with a semigroup2 denoted by S
(N)
M = {λα}Nα=0. This later algebra
is related to the so called Maxwell algebra [32, 33] via a contraction process [34].
Another interesting application is in the context of non-relativistic algebras. Recently, in Ref. [35]
it was shown that it is possible to obtain the non-relativistic versions of both generalized Poincare´
algebras and generalized AdS-Lorentz algebras. These were called generalized Galilean type I and type
II, denoted by GBn and GLn respectively. It seems likely that new non-relativistic CS gravity theories
may be constructed following a similar procedure as the one presented in Ref. [36]. Its symmetries
would correspond to deformations of the symmetries of the Newton-Cartan formulation of Newtonian
gravity. This problem will be addressed in the near future.
1This semigroup is endowed with the multiplication rule λα·λβ = λα+β when α + β ≤ N + 1; and λα·λβ = λN+1
otherwise.
2This semigroup is endowed with the multiplication rule λα·λβ = λα+β when α+β ≤ N ; and λα·λβ = λα+β−2[(N+1)/2]
otherwise.
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3.1 S-expansion and the AdS superalgebra
In this section we construct the three-dimensional AdS-Lorentz superalgebra as a S-expansion of the
AdS superalgebra g = osp (2| 1)⊗ sp (2), given by the commutation relations[
J˜a, J˜b
]
= abcJ˜
c ,
[
P˜a, Q˜α
]
= −12
(
ΓaQ˜
)
α
,[
P˜a, P˜b
]
= abcJ˜
c ,
[
J˜a, Q˜α
]
= −12
(
ΓaQ˜
)
α
,[
J˜a, P˜b
]
= abcP˜
c , {Qα, Qβ} = (ΓaC)αβ
(
J˜a + P˜ a
)
.
(3.1)
Let us start by choosing the following subspace decomposition
g = V0 ⊕ V1 ⊕ V2 , (3.2)
where V0 =Span
{
J˜a
}
, V1 =Span
{
Q˜α
}
and V2 =Span
{
P˜a
}
. This decomposition obeys the following
structure
[V0, V0] ⊂ V0 , [V0, V1] ⊂ V1 , [V0, V2] ⊂ V2 ,
[V1, V1] ⊂ V0 ⊕ V2 , [V1, V2] ⊂ V1 , [V2, V2] ⊂ V1 .
(3.3)
At this point it is convenient to apply the S-expansion resonance theorem using (3.3) and a specific
semigroup S
(2)
M . A similar treatment was carried out in Ref. [21] for the bosonic sector. Let S
(2)
M =
{λ0, λ1, λ2} be an abelian semigroup with multiplication law
λα·λβ =
{
λα+β, if α+ β 6 2
λα+β−2 if α+ β > 2
(3.4)
or equivalently
λ0 λ1 λ2
λ0 λ0 λ1 λ2
λ1 λ1 λ2 λ1
λ2 λ2 λ1 λ2
(3.5)
A particular partition for the semigroup S
(2)
M is given by
S
(2)
M = S0 ∪ S1 ∪ S2 ,
= {λ0, λ2} ∪ {λ1} ∪ {λ2} , (3.6)
where the subsets {Si}i=0,1,2 obey
S0·S0 ⊂ S0 , S0·S1 ⊂ S1 , S0·S2 ⊂ S2 ,
S1·S1 ⊂ S0 ∩ S2 , S1·S2 ⊂ S1 , S2·S2 ⊂ S0 .
(3.7)
Comparing (3.7) with (3.3), one finds that the resonant condition [13, Theorem 4.2] is satisfied.
Therefore, a subalgebra
GR = W0 ⊕W1 ⊕W2 , (3.8)
can be extracted with
W0 ≡ S0 × V0 = Span
{
λ0J˜a, λ2J˜a
}
, (3.9)
W1 ≡ S1 × V1 = Span
{
λ1Q˜α
}
, (3.10)
W2 ≡ S2 × V2 = Span
{
λ2P˜a
}
, (3.11)
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which corresponds in this case to the minimal AdS-Lorentz Lie superalgebra. In fact, computing
commutation relations[
λ0J˜a, λ0J˜b
]
= λ0
[
J˜a, J˜b
]
= λ0abcJ˜
c ,
[
λ2P˜a, λ2P˜b
]
= λ2
[
P˜a, P˜b
]
= λ2abcP˜
c ,[
λ0J˜a, λ2J˜b
]
= λ2
[
J˜a, J˜b
]
= λ2abcJ˜
c ,
[
λ0J˜a, λ1Q˜α
]
= λ1
[
J˜a, Q˜α
]
= −λ12
(
ΓaQ˜
)
α
,[
λ2J˜a, λ2J˜b
]
= λ2
[
J˜a, J˜b
]
= λ2abcJ˜
c ,
[
λ2J˜a, λ1Q˜α
]
= λ1
[
J˜a, Q˜α
]
= −λ12
(
ΓaQ˜
)
α
,[
λ0J˜a, λ2P˜b
]
= λ2
[
J˜a, P˜b
]
= λ2abcP˜
c ,
[
λ2P˜a, λ1Q˜α
]
= λ1
[
P˜a, Q˜α
]
= −λ12
(
ΓaQ˜
)
α
,[
λ2J˜a, λ2P˜b
]
= λ2
[
J˜a, P˜b
]
= λ2abcP˜
c ,
{
λ1Q˜α, λ1Q˜β
}
= λ2
{
Q˜α, Q˜β
}
= λ2 (ΓaC)αβ
(
J˜a + P˜a
)
,
(3.12)
and renaming generators according to
Ja ≡ λ0J˜a , Za ≡ λ2J˜a ,
Pa ≡ λ2P˜a , Qα ≡ λ1Q˜α ,
(3.13)
it is straightforward to check that GR = W0 ⊕W1 ⊕W2 corresponds to (2.1). This way, the AdS-
Lorentz superalgebra is a resonant subalgebra of S
(2)
M × g. In order to get a better intuition about the
S-expansion and resonant subalgebra procedure, it is helpful to use a diagram as shown in figure (1).
Subspaces of g are represented in vertical axis while S
(2)
M elements are placed in horizontal axis.
Q˜↵
P˜a
J˜a
 0  1  2
Ja Za
Pa
Q↵
Subspaces
Semigroup 
elements
Figure 1: AdS-Lorentz superalgebra as resonant subalgebra of S
(2)
M × g
Coloured regions corresponds to the resonant subalgebra G with respect to S
(2)
M × g.
3.2 Invariant Tensors
The problem of finding all the invariant tensors associated to a given Lie algebra is, to the best of
our knowledge, not completely understood. From the physical point of view, this limitation has direct
impact on the construction of topological theories of gravity such as CS. However, as we will see
below, there are complementary S-expansion theorems which allows us to find the invariant tensors
and consequently the Casimir operators. These are easily constructed in terms of the invariants of the
original algebra and the semigroup structure.
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For the current case, recall the invariants of the AdS superalgebra g = osp (2| 1)⊗ sp (2) ,〈
J˜aJ˜b
〉
= µ˜ηab ,
〈
J˜aP˜b
〉
= ν˜ηab ,
〈
P˜aP˜b
〉
= µ˜ηab ,〈
P˜aQ˜α
〉
= 0 ,
〈
J˜aQ˜α
〉
= 0 ,
〈
Q˜αQ˜β
〉
= 2 (ν˜ − µ˜) Cαβ ,
(3.14)
where µ˜ and ν˜ are arbitrary real constants. Following [13, Theorem 7.1 and 7.2] it is direct to show
that the invariant tensor associated to the AdS-Lorentz superalgebra has the following components
〈JaJb〉 = µ1ηab , 〈PaPb〉 = µ0ηab ,
〈JaZb〉 = µ0ηab , 〈QαQβ〉 = 2 (ν0 − µ0) Cαβ ,
〈JaPb〉 = ν0ηab , 〈JaQα〉 = 0 ,
〈ZaZb〉 = µ0ηab , 〈ZaQα〉 = 0 ,
〈ZaPb〉 = ν0ηab , 〈PaQα〉 = 0 ,
(3.15)
where
µ1 ≡ α1µ˜ , µ0 ≡ α0µ˜ , ν0 ≡ α0ν˜ , (3.16)
are redefinitions for arbitrary real constants3. In what follows, we make use of (3.15) for the con-
struction of the S-expanded Casimir operators. We have to notice that one of the three constants in
(3.15) can always be reabsorbed in a global multiplicative constant. Therefore, we can expect only
two independent Casimir operators.
4 Casimir Operators and the AdS-Lorentz superalgebra
In order to find the Casimir operators for the AdS-Lorentz superalgebra one needs to specify the
Casimir operators of the original g = osp (2 |1)⊗ sp (2) superalgebra. Since g is semi-simple, it has a
nondegenerate Killing metric
kAB = STr (TATB) = 〈TATB〉 (4.1)
which can be read from (3.14). Here, {TA} with A = 1, . . . ,dimg, denote the generators of g. In
this way, assuming nonvanishing and µ˜ 6= ν˜ real constants, the inverse components4 of kAB are the
following:
kab = µ˜
(µ˜2−ν˜2)η
ab , kab˙ = − ν˜
(µ˜2−ν˜2)η
ab , ka˙b˙ = µ˜
(µ˜2−ν˜2)η
a˙b˙ ,
kaα = 0 , ka˙α = 0 , kαβ = − 12(µ˜−ν˜)Cαβ .
(4.2)
We look for Casimir operators of degree two C = CABTATB, where C
AB are given by the components
of the symmetric invariant tensor 〈TATB〉. Using (3.14) and the generators of g, direct calculation
shows
C = kABTATB , (4.3)
=
1
(µ˜2 − ν˜2)
[
µ˜
(
J˜aJ˜a + P˜
aP˜a +
1
2
Q˜αQ˜α
)
+ ν˜
(
−P˜ aJ˜a− J˜aP˜a + 1
2
Q˜αQ˜α
)]
. (4.4)
3α0 and α1 appear through [13, Theorem 7.1]
4Doted latin indices are running along the AdS-Boosts
{
P˜a
}
.
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From eq.(4.4), one clearly sees that the AdS superalgebra has two independent Casimir operators
C1 = J˜
aJ˜a + P˜
aP˜a +
1
2
Q˜αQ˜α ,
C2 = −P˜ aJ˜a − J˜aP˜a + 1
2
Q˜αQ˜α . (4.5)
4.1 AdS-Lorentz Casimir operators
Following Ref. [21], the Casimir operator for a S-expanded Lie algebra is defined by
CS−exp = mαβCABT(A,α)T(B,β) , (4.6)
where T(A,α) = λαTA denote the expanded generators and m
αβ is the inverse of the matrix mαβ =
αγKαβ
γ . Here αγ denote arbitrary constants and Kαβ
γ codifies the semigroup product law trough the
definition
Kαβ
γ =
{
1, when λαλβ = λγ ,
0, otherwise.
(4.7)
In the case of S
(2)
M , the Kαβ
γ are given by
K 0αβ =
1 0 00 0 0
0 0 0
 , K 1αβ =
0 1 01 0 1
0 1 0
 , K 2αβ =
0 0 10 1 0
1 0 1
 . (4.8)
Therefore, the metric mαβ for S
(2)
M corresponds to
mαβ = αγK
γ
αβ =
α0 α1 α2α1 α2 α1
α2 α1 α2
 , (4.9)
and its inverse mαβ reads
mαβ =
1
detmαβ
 α22 − α21 0 −
(
α22 − α21
)
0 α2 (α0 − α2) −α1 (α0 − α2)
− (α22 − α21) −α1 (α0 − α2) α0α2 − α21
 , (4.10)
where the constants α0, α1 and α2 must satisfy
detmαβ = (α0 − α2)
(
α22 − α21
) 6= 0 . (4.11)
Using (4.5), (4.10) in (4.6) and defining
α ≡ α2α0 − α22 ,
β ≡ α2α0 − α21 ,
we get two independent S-expanded Casimir operators for the AdS-Lorentz superalgebra,
CS−exp 1 =
1
2
Q¯Q− J2 + 2 (JaZa − JaPa) ,
CS−exp 2 = J2 + Z2 + P 2 − 2 (JaZa − JaPa + ZaPa) . (4.12)
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5 Chern–Simons supergravity
We are interested in a supergravity theory which is invariant under an expanded AdS symmetry, such
that it contains the EH term, the exotic gravitational CS term, plus cosmological constant as a certain
limit. A type of symmetry fulfilling these conditions is precisely the minimal AdS-Lorentz supralgebra.
The fundamental field we consider is the one-form gauge potential A = Aaµdx
µ⊗Ta , taking values
in the Lie algebra (2.1)
A =
1
`
eaPa + ω
aJa + σ
aZa +
1√
`
ψ¯Q . (5.1)
Here ea(x) is the vielbein, ` is a constant length parameter, ωa(x) the spin connection and ψα(x) is a
spin 3/2 gravitino. Moreover, the one-form σa(x) will be referred to as the Lorentz gauge field since,
as it will be shown later, it transforms as a vector under local Lorentz transformations.
In principle, it suffices to use the connection eq.(5.1) in the canonical CS action functional [37]
S(2+1)cs [A] =
κ
4pi
∫
M3
〈
A ∧
(
dA+
2
3
A ∧A
)〉
(5.2)
in order to have the AdS-Lorentz supergravity theory. However, in order to gain some physical
intuition on the Lagrangian terms it is convenient to use the subspace separation method (SSM).
The applicability of the method relies on considering the CS (2n+ 1)-form as a particular case of a
transgression form [38]. Following Ref. [30], we write the triangle equation
Q(2n+1)A2←A0 = Q
(2n+1)
A2←A1 +Q
(2n+1)
A1←A0 + dQ
(2n)
A2←A1←A0 , (5.3)
which decompose the transgression form as a sum of two transgressions depending on an intermediate
connection, where each transgression is defined by
Q(2n+1)
A←A¯ = (n+ 1)
∫ 1
0
dt
〈(
A− A¯) ∧ Fnt 〉 (5.4)
with Ft = dAt +At ∧At and At =
(
A− A¯) t+ A¯. The last term in eq.(5.3) is given by
Q(2n)
A←A¯←A˜ = n (n+ 1)
∫ 1
0
dt
∫ t
0
ds
〈(
A− A¯) ∧ (A¯− A˜) ∧ Fn−1st 〉 (5.5)
where Fst = dAs,t +As,t ∧As,t and As,t =
(
A− A¯) s+ (A¯− A˜) t+ A˜ (see Ref. [39, Chapter 2 and 3]
for further details).
The SSM embodies the following steps:
1. Split the superalgebra into p+ 1 subspaces g = V0 ⊕ ...⊕ Vp .
2. Write the connection as a sum of pieces valued on every subspace A = a0+...+ap, A¯ = a¯0+...+a¯p
with ai, a¯i ∈ g for i = 0, 1, ..., p .
3. Evaluate the triangle equation (5.3) with the connections written in terms of pieces valued in
every subspace
A0 = A¯ , A1 = a0 + ...+ ap−1 , A2 = A . (5.6)
4. Repeat step 3 for the transgression Q(2n+1)A1←A0 and so on.
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For the present case, n = 1 and the AdS-Lorentz algebra splits into subspaces g = V0⊕V1⊕V2⊕V3
with
V0 =Span{Ja} , V1 =Span{Za} , V2 =Span{Pa} , V3 =Span{Qα} . (5.7)
Using the intermediate connections
A0 = 0 , (5.8)
A1 = ω , (5.9)
A2 = σ + ω , (5.10)
A3 = e+ σ + ω , (5.11)
A4 = ψ¯ + e+ σ + ω , (5.12)
with
ω = ωaJa , σ = σ
aZa , e =
1
` e
aPa , ψ¯ =
1√
`
ψαQα , (5.13)
and applying (5.3) recursively, we find5
Q(3)A4←A3 =
1
`
(ν0 − µ0)
[(
1
`
ea + σa
)(
ψ¯Γaψ
)− 2ψ¯Dψ] , (5.14)
Q(3)A3←A2 =
µ0
`2
[
eaT
a + abce
aσbec
]
+
ν0
`
[
abce
a
(
σbσc +
1
3`2
ebec
)
+ 2ea (R
a + Dσa)
]
, (5.15)
Q(3)A2←A1 = µ0
[
σa (2R
a + Dσa) +
1
3
abcσ
aσbσc
]
, (5.16)
Q(3)A1←A0 = µ1
[
ωadωa +
1
3
abcω
aωbωc
]
, (5.17)
Q(2)A4←A3←A0 = 0 , (5.18)
Q(2)A3←A2←A0 =
ν0
`
ea (ωa + σa) , (5.19)
Q(2)A2←A1←A0 = µ0σaωa , (5.20)
where
T a = dea + abcω
bec , Dσa = dσa + abcω
bσc ,
Ra = dωa + 12
a
bcω
bωc , Dψ¯ = dψ¯ − 12ωa
(
ψ¯Γa
)
.
(5.21)
Since Q(3)A4←A0 = L
(3)
cs (A), the CS Lagrangian can be read by collecting (5.14)-(5.20)
L(3)cs = κ
ν0
`
[
abce
a
(
σbσc +
1
3`2
ebec
)
+ 2ea (R
a + Dσa) +
(
1
`
ea + σa
)(
ψ¯Γaψ
)− 2ψ¯Dψ]
+ κµ0
[
σa (2R
a + Dσa) + abcσ
a
(
1
`2
ebec +
1
3
σbσc
)
+
1
`2
eaT
a − 1
`2
(ea + σa)
(
ψ¯Γaψ
)
+
2
`
ψ¯Dψ
]
+ κµ1
[
ωadωa +
1
3
abcω
aωbωc
]
+ d
[ν0
`
ea (ωa + σa) + µ0σ
aωa
]
. (5.22)
The resulting supergravity Lagrangian is composed by three different sectors, each one controlled by
the value of the coupling constants (coming from the S-expanded invariant tensors (3.16)), multiplied
by the level of the theory κ which is related to Newton’s constant G. The EH term appears in the
first line of eq.(5.22), and therefore ν0 can be normalized to one. In the critical point ν0 = µ0 of the
space of parameters, the theory decouples from fermions. This is a natural consequence of the form
of the invariant tensor (3.15). The Mielke-Baekler model [40] is recovered at this critical point in the
σ → 0 limit.
5In what follows we omit the wedge symbol “∧” in order to have shorter expressions.
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5.1 Field Equations
Extremization of the action functional S[A] =
∫
M3
L(3)cs gives rise to the equations of motion. Al-
ternatively, in the case of nondegeneracy, i.e., when all the coupling constants are nonvanishing and
ν0 6= µ0, the field equations are more easily obtained through F = dA + A ∧ A = 0. Using eq.(5.1)
and (2.1), direct calculations shows
T a − 1
2
(
ψ¯Γaψ
)
+ abcσ
bec = 0 , (5.23)
Ra = 0 , (5.24)
Dσa − 1
2`
(
ψ¯Γaψ
)
+
1
2
abc
(
σbσc +
1
`2
ebec
)
= 0 , (5.25)
Dψ¯ − 1
2
(
1
`
ea + σa
)(
ψ¯Γa
)
= 0 . (5.26)
Interestingly, the geometries characterized by the e.o.m are Lorentz flat. In addition, the presence of
the Lorentz gauge fields σa are source for the super-torsion Tˆ a = T a − 12
(
ψ¯Γaψ
)
, as it can be seen
from eq.(5.23). In the limit σa → 0, solutions are described by constant torsion Ta = abcebec, flat
Loretnz curvature Ra = 0, and covariantly constant spinors ∇ψ¯ = Dψ¯ − 12`ea
(
ψ¯Γa
)
= 0. This is in
contrast with the standard three-dimensional supergravity with AdS symmetry, in which solutions are
Riemannian (torsionless) and constant Lorentz curvature.
5.2 Symmetry transformations
Under infinitesimal local gauge transformations, the one-form potential A = Aµdx
µ transforms ac-
cording to
δA = ∇% = d%+ [A, %] , (5.27)
where
% =
1
`
ρaPa + λ
aJa + γ
aZa +
1√
`
χαQα (5.28)
is a zero-form gauge parameter. Using (2.1), (5.1) and (5.28) it is direct to show that
δea = Dρa − abc
(
λb + γb
)
ec − abcσbρc +
(
ψ¯Γaχ
)
, (5.29)
δωa = Dλa , (5.30)
δσa = Dγa + abcσ
b (λc + γc) +
1
`2
abce
bρc +
1
`
(
ψ¯Γaχ
)
, (5.31)
δψ¯ = Dχ¯− 1
2
(
1
`
ea + σa
)
(χ¯Γa) +
1
2
(
1
`
ρa + λa + γa
)(
ψ¯Γa
)
, (5.32)
where Dva = dva + abcω
bvc for any zero-form parameter va with one Lorentz index, and Dχ¯ =
dχ¯− 12ωa (χ¯Γa) for any zero-form spinor χα. From eq.(5.31) is clear that the gauge field σa transforms
as a vector under local Lorentz rotations. Moreover, gauge transformations (5.29)-(5.32) leave the CS
Lagrangian (5.22) invariant up to a closed form.
6 Solutions and Killing Spinors
In supergravity, supersymmetric solutions are prescriptions for the bosonic fields of the theory such
that they solve the equations of motion arising from its action. In principle, a solution need not be
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supersymmetric itself. A supersymmetric solution is defined as one which preserves a certain amount
of the original supersymmetry. These are important when studying perturbative instabilities [41].
The standard calculation consists in embedding the bosonic theory into a supersymmetric one in such
a way that the action remains stationary around a classical solution. In that case supersymmetry
is, in general, enough to prove that this solution defines a local energy minimum and therefore is
perturbatively stable.
We now focus on finding solutions to the Killing-Spinor equation for the AdS-Lorentz superalgebra
in three-dimensions. In order to do so, we find a BTZ-type solution in the case of zero gravitino.
Moreover, we show that solutions around this classical configuration reduces to those found in [42].
First we take ψ¯ = 0 in (5.23)-(5.26) and solve for the ansatz
ds2 = −N2dt2 + dr
2
N2
+ r2 (Nφdt+ dφ)
2 (6.1)
with
(
x0, x1, x2
)
= (t, r, φ), N = N(r) and Nφ = Nφ(r). We choose the following ansatz for the
vielbein ea(x) and the spin connection ωa(x)
e0 = Ndt , ω0 = V dt+ Y dr + βV dφ ,
e1 = 1N dr , ω
1 = Ddt+Wdr + βD dφ ,
e2 = r (Nφdt+ dφ) , ω
2 = Gdt+Hdr + βGdφ ,
(6.2)
where we have defined
V =
√
D2 +G2 − β1 ,
W = GG
′+DD′
V G +
DH
G ,
Y = D
′+HV
G .
(6.3)
Here D(r), G(r) and H(r) are arbitrary functions of the radial coordinate and β, β1 are arbitrary
constants [43]. Using the field equations (5.23)-(5.26), in the case of zero gravitino ψ¯ = 0, we have
σ0 = −V dt− Y dr + (N − βV ) dφ ,
σ1 = −Ddt−
(
W +
Nφ
N
)
dr − βDdφ ,
σ2 =
(
r
`2
−G) dt−Hdr + (rNφ − βG) dφ ,
(6.4)
where
N2 = −M + r
2
`2
+
J2
4r2
, (6.5)
Nφ = − J
2r2
, (6.6)
being M and J are arbitrary real constants.
The Killing-spinor equation can be read from (5.32) when ψ¯ = 0. This means
dχ¯− 1
2
(
ωa +
1
`
ea + σa
)
(χ¯Γa) = 0 . (6.7)
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Inserting (6.2)-(6.6) into (6.7) we find
∂tχ
α − ε
2`
χβ
[
NΓ0 + r
(
1
`
+Nφ
)
Γ2
] α
β
= 0 , (6.8)
∂rχ
α +
ε
2
χβ
[
1
N
(
Nφ − 1
`
)
Γ1
] α
β
= 0 , (6.9)
∂φχ
α − ε
2
χβ
[
r
(
1
`
+Nφ
)
Γ2 +NΓ0
] α
β
= 0 , (6.10)
where ε = ±1, denotes the two nonequivalent gamma matrix representation in three-dimensions.
These equations are well known from [42]. Following a similar analysis as presented in Ref. [44],
solutions to (6.8)-(6.10) are given by
χ¯ = ξ¯ exp
(
ϑ+
[(
−M + J
`
)
Γ+ε + Γ−ε
]
Γ0
)(
zΓ+ε +
1
z
Γ−ε
)
(6.11)
with
z =
(
N + r` + rNφ
) 1
2 , ϑ± = 12
(
t
` ± φ
)
,
Γ±ε = 12 (1± εΓ1) , ξ¯ = constant spinor .
(6.12)
These expressions are only valid locally. In order to find globally defined killing spinor solu-
tions, one needs to study their periodicity [42]. In fact, under φ → φ + 2pi, there is a phase
S =
[(−M + J` )Γ+ε + Γ−ε]Γ0 which gets multiplied by 2pi. Periodicity occurs if S2 = 0, in which
case there is no dependency on the angular coordinate φ, for different values of M and J . To conclude
this section, we briefly discuss how exact supersymmetries for the zero-mass black hole M = 0 = J
are obtained. The extremal M > 0, M = |J |/`, case can be treated similarly. In the zero-mass limit,
the argument in the exponential of (6.11) is proportional to a nilpotent term (Γ0 + εΓ2). This implies
exp
(
ϑ+
2 (Γ0 + εΓ2)
)
= I + ϑ
+
2 (Γ0 + εΓ2). Moreover, the linear dependency of χ¯ in ϑ
+ drops out of
the solution due to ξ¯ is in the kernel of (Γ0 + εΓ2). In fact, ξ¯ is an eigenvector of Γ1 and has the form
ξ¯ =
(
1
ε
)
. Finally, since z = (2r` )
1
2 , we obtain
χ¯ =
(
2r
`
) 1
2
ξ¯ . (6.13)
Therefore, there are two killing spinors, one for each value of ε. For the extremal black hole, periodicity
is only reached when ε = 1. This means that there is only one exact supersymmetry with z =(
2r
` − M`r
) 1
2 and ξ¯ =
(
1
1
)
. The killing spinors for the generic black hole solution (6.11) are non periodic
or anti-periodic, hence there is no exact supersymmetries in that case.
7 Discussion and future developments
In this work we have studied some aspects of the AdS-Lorentz superalgebra and the three-dimensional
CS supergravity invariant under such symmetry. Since the AdS-Lorentz superalgebra corresponds to
the S-expansion of the N = 1 AdS superalgebra osp (2 |1)⊗ sp (2), it allowed us to show some features
of the procedure in a simple but non-trivial case.
Regarding the construction of the gauge supergravity theory, the essential ingredient is the invariant
tensor. The S-expansion method provides the invariant tensors beyond the standard (super)trace using
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Ref. [13, Theorems 7.1 and 7.2] and the Casimir operators following a treatment discussed in Ref. [21].
Using these invariants and the subspace separation method from Refs. [45, 30], the CS three-form
Lagrangian is written in terms of the Lorentz curvature and torsion. A new one-form gauge field has
to be introduced as a consequence of having the Za generator. This new Lorentz field σ
a captures
some of the features of the vielbein, namely, it transforms as a vector under representations of the
Lorentz group and also interplay with the gravitino via supersymmetry transformations. From the
dynamical point of view, the Lorentz gauge field σa ia a source for the super-torsion Tˆ a which makes it
propagate in vacuum. Finally, an analytical stationary solution when the gravitino field is turned-off is
discussed, and parallel Killing spinors around this background are computed. Solutions are shown to
reduce the ones found in Ref. [42], which means that the supersymmetry properties of the BTZ-type
balck hole presented in [43], are the same as the asymptotically AdS black holes of Einstein theory in
three-dimensions.
We close with some brief discussion about possible applications of the AdS-Lorentz supergravity
theory in three-dimensions. In the context of gauge/gravity dualities, in Ref. [46] it has been shown
that imposing suitable boundary conditions, the three-dimensional AdS supergravity lead to an asymp-
totic symmetry algebra given by two copies of the super-Virasoro algebra with central charge. This
is a purely asymptotic phenomenon since the emergence of the conformal group at infinity is not the
isometry group of any background geometry in three-dimensions. In the same context, the flat limit of
AdS supergravity is discussed in [47], where a consistent set of asymptotic conditions are found. The
asymptotic symmetry algebra in this case is given by the super-bms3 algebra with a central extension.
Interestingly, in Ref. [48] it has been shown that the bms3 algebra can be obtained from the Virasoro
by a S-expansion process. The analysis has been extended in such a way that new families of asymp-
totic symmetry algebras are constructed, all of them starting from the Virasoro one. As suspected,
one of these new families corresponds to the asymptotic algebra of the CS theory for the Maxwell
group [49], whose boundary dynamics is described by an enlargement and deformation of the bms3
algebra with three independent central charges. Since the relation between Maxwell and AdS-Lorentz
algebra is well understood, it is reasonable to expect that the asymptotic symmetries for AdS-Lorentz
CS theory can be obtained, following similar arguments as in [49]. This is work in progress and will be
presented somewhere else. Finally, it would be interesting to extend previous discussion for studying
the boundary dynamics of CS supergravity theories constructed using the supersymmetric extension
of the Maxwell and AdS-Lorentz algebras.
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A Majorana spinors
The minimal irreducible spinor in three dimensions is a two real component Majorana spinor. Every
Majorana spinor satisfies a reality condition which can be established by demanding that the Majorana
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conjugate equals the Dirac conjugate
ψ¯ := ψ>C = −iψ>Γ1 . (A.1)
Spinors carry indices ψα and gamma-matrices act on them in such a way that Γaψ := (Γa)
α
β ψα. In
order to raise and lower indices, we introduce matrices (Cαβ), (Cαβ) related to the charge conjuga-
tion matrix, and we use the convention of raising and lowering indices according to the NorthWest–
SouthEast convention (↘). This means that the position of the indices should appear in that relative
position as
ψα = Cαβ ψβ and ψα = ψβ Cαβ , (A.2)
which implies that
Cαβ Cγβ = δαγ and Cβα Cβγ = δγα . (A.3)
We choose the identifications in such a way that the Majorana conjugate ψ¯ is written as ψα. Comparing
eq. (A.1) with eq. (A.2), one then finds (Cαβ) = C> and (Cαβ) = C−1.
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